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Abstract— We present a locally optimal tracking controller
for Cable Driven Parallel Robot (CDPR) control based on a
time-varying Linear Quadratic Gaussian (TV-LQG) controller.
In contrast to many methods which use fixed feedback gains,
our time-varying controller computes the optimal gains depend-
ing on the location in the workspace and the future trajectory.
Meanwhile, we rely heavily on offline computation to reduce
the burden of online implementation and feasibility checking.
Following the growing popularity of probabilistic graphical
models for optimal control, we use factor graphs as a tool to
formulate our controller for their efficiency, intuitiveness, and
modularity. The topology of a factor graph encodes the relevant
structural properties of equations in a way that facilitates
insight and efficient computation using sparse linear algebra
solvers. We first use factor graph optimization to compute a
nominal trajectory, then linearize the graph and apply variable
elimination to compute the locally optimal, time varying linear
feedback gains. Next, we leverage the factor graph formulation
to compute the locally optimal, time-varying Kalman Filter
gains, and finally combine the locally optimal linear control and
estimation laws to form a TV-LQG controller. We compare the
tracking accuracy of our TV-LQG controller to a state-of-the-
art dual-space feed-forward controller on a 2.9m x 2.3m, 4-cable
planar robot and demonstrate improved tracking accuracies
of 0.8° and 11.6mm root mean square error in rotation and
translation respectively.

I. INTRODUCTION

Given that cable robots have many desirable qualities,
developing cable driven parallel robot (CDPR) tracking
controllers that are accurate, robust, and easy to implement
remains an important problem. CDPRs consist of a set of
cables, through which forces are transmitted, connected to
(usually) fixed winches on one end and to the floating
end effector on the other. Due to the usage of cables to
transmit forces, CDPR naturally scale well to large sizes
[1]–[3], fast speeds/accelerations [4]–[6], and heavy loads
[7]. Simultaneously, the inherent flexibility of cables makes
achieving stiffness and accuracy challenging thereby limiting
the utility of CDPR. Finally, despite the remarkable progress
by a vibrant community, CDPR remain largely limited to
academic settings, with the notable exception of suspended
cable robots [8], [9] which pose a distinct set of challenges
due to their not being redundantly actuated. We argue that
the contrasting success of suspended cable robots compared
with CDPR evidences that the complexity and difficulty in
implementing CDPR tracking controllers is at least a large
factor in curbing their adoption.
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Tracking control for CDPRs has been well studied since
at least the late 1980’s and has progressed from simple joint-
space methods to advanced nonlinear, adaptive, and robust
methods. The earliest examples of CDPR tracking control
commanded position-controlled servos to the cable lengths
computed by inverse kinematics, but these require tedious,
critical calibration and are sensitive to modelling errors [10].
More advanced model-based techniques include operational-
space PID, feedback linearization, sliding-mode control
(SMC), linear quadratic (LQR and LQG), and MPC, among
others [11]. Linear approaches (e.g. PID) with feedforward
terms to handle most of the nonlinearity are perhaps the most
common [12]–[15], but the use of static gains can make
them sensitive to operating point, leading to non-uniform
performance across the workspace and lack of foresight
when approaching control limits [16]. Feedback linearization
approaches have seen success in suspended cable robot
designs but require special considerations for redundantly
actuated CDPR [16]–[19]. Feedback linearization may also
face difficulties modeling control limits. SMC [20] is perhaps
most popular nonlinear approach for robust CDPR control,
but is prone to chattering [21] due to control discontinuities.
Although reducing chattering issues have been studied by a
number of works [22]–[26], chattering does not appear to
be completely resolved and these methods rely on adaptive
algorithms to fallback onto linear controllers which, again,
may not be workspace-aware. LQR and LQG have been
primarily applied as tuning techniques for other controllers
(e.g. tuning SMC [27] or feedback linearization gains [18])
and therefore inherit their limitations. Furthermore, applying
LQR and LQG to systems that have been “pre-linearized”
by other approaches tend to use fixed gains obtained using
the infinite horizon LQR solution [27], [28]. Linear [29] and
Nonlinear MPC [30]–[32] are highly capable in providing
consistent and robust performance near or even outside
workspace boundaries [16], but MPC poses implementation
challenges and must often make convexifying approxima-
tions to guarantee online convergence [16].

In this work, we propose a controller which is simple
to implement but exhibits consistently accurate tracking
performance across the workspace. We achieve this by con-
structing a factor graph describing the kinematics/dynamics,
objectives, and/or stochastic elements of the CDPR tracking
control problem. The factor graph is used to solve (offline)
for an optimal trajectory, locally optimal linear time-varying
(LTV) feedback control gains, and locally optimal LTV
estimator. We combine the control and estimator gains into
a TV-LQG controller and demonstrate on a real robot.
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Fig. 1. Prototypical example of a factor graph describing the LQR problem
with 4 timesteps, adapted with permission from [33]. Large circles are
variables and small black circles/squares are factors. xk represent state
variables, uk represent control variables, black squares represent dynamics
constraint factors, and black circles represent optimal control objectives.

II. APPROACH

We frame our approach around factor graphs because we
believe them to be useful abstractions for describing trajec-
tory optimization and controls topics. Simultaneously, factor
graphs are highly efficient, visually insightful, and modular,
allowing efficient incorporation of nearly any sensor, control
objective, and/or constraint with minimal modification [34].
Probabilistic graphical models, including factor graphs, have
seen success in state estimation and perception [35] and are
becoming increasingly popular as tools for optimal control
[33], [34], [36]. We will attempt to describe the most perti-
nent concepts about factor graphs as we go, but additional
introductions to factor graphs can be found in [35], [37].

In short, factor graphs are a graphical way to describe
optimization problems where variables (unknowns to solve
for) and factors (optimization objectives or constraints) are
connected by an edge if the variable is involved in the
objective/constraint. Fig. 1 shows a prototypical example of
a factor graph describing the LQR problem.

Our algorithm, summarized in Fig. 2, consists of three
offline stages followed by an online controller:

A. Pre-compute a nominal trajectory that tracks the ref-
erence trajectory by “solving” a factor graph. This is
equivalent to trajectory generation using the iterative
Linear Quadratic Regulator (iLQR) algorithm [38].

B. Pre-compute time-varying LQR gain matrices by
linearizing the graph around the nominal trajectory and
using variable elimination on the linearized graph. Lin-
earizing the graph is equivalent to applying a first-order
Taylor expansion to convert the constrained nonlinear
least squares problem into a constrained linear least
squares problem (finite horizon LQR problem), and
variable elimination is equivalent to using backward-
induction to solve the Bellman equation.

C. Pre-compute time-varying Kalman Filter (KF) gain
matrices by creating a graph with stochastic factors
instead of cost/constraint factors, linearizing the graph
around the nominal trajectory, and marginalizing at each
time step. The stochastic factors represent noise in the
dynamics and/or measurements, and marginalizing at
each time step is the Markov assumption the KF makes.

Finally, we combine the LQR and KF gain matrices to form
an online controller in the form of a TV-LQG controller.
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Fig. 2. Our proposed controller leverages offline computations to simplify
the online controller, which is locally optimal while requiring only 3 vector-
matrix multiplications and 3 vector additions per update. The offline stage,
outlined in green, generates time-varying gain matrices and feedforward
vectors. The online stage, outlined in red, is a standard TV-LQG controller.

A. Trajectory Generation

We seek to track the reference trajectory while also main-
taining realizable control inputs. Least-squares objectives are
used to minimize both the tracking error, x̃ := x − dx, and
the control input objective, ũ := u − umid, where dx is the
desired trajectory and umid := 1

2 (umin+umax) as described
by [39] as an approximation for maximizing the margin to
control limits. Constraints are given by the system dynamics.
Our trajectory generation problem can then be expressed as
in Fig. 3, which graphically depicts the trajectory generation
problem as both a factor graph and the equivalent constrained
nonlinear least squares problem: eq. (1). The pose and twist,
T,V , make up x and the tensions, τ0, τ1, τ2, τ3, make up u.

We use the software library Georgia Tech Smoothing
and Mapping (GTSAM) [40] to create and “solve” our
factor graph, where “solve” is used to mean computing the
solution to the equivalent constrained least squares problem.
We use the Levenberg-Marquardt optimizer with variable
elimination for the inner-loop linear solver (default solver in
GTSAM). It can be shown that Levenberg-Marquardt with
variable elimination is identical to iLQR as described by
[38], although we run this optimization offline. As a result,
feasibility (incl. control limits) and optimality can be checked
prior to executing on the robot.

The computed solution to the factor graph is the nominal,
feedforward trajectory and denoted x∗, u∗.

B. Control

We use a time varying linear-quadratic regular (LQR) for
our controller which is computed by linearizing the system
around x∗, u∗ and applying variable elimination.

1) Linearizing the graph: The linearization process is
automatically handled by GTSAM, but mathematically it
equates to applying a first-order Taylor expansion around
x∗, u∗ to convert the general optimal control problem (1)
(which is transcribed as a constrained nonlinear least squares
optimization) into the LQR problem (2) (which is transcribed
as a constrained linear least squares problem). Upon lineariz-
ing, we will define δxk := xk − x∗k and δuk := uk − u∗k.

The result of linearizing is a graph with the same structure
as in Fig. 3 except with all the factors representing either
linear constraints or quadratic objectives. Mathematically,
the linearized graph now represents a linear least squares
problem (with linear equality constraints) which can be effi-
ciently and exactly solved using variable elimination (which
is equivalent to standard sparse linear algebra algorithms).
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x∗, u∗ = arg min
x, u

x̃TNQN x̃N +

N−1∑
k=0

x̃TkQkx̃k + ũTkRkũk (1a)

s.t. xk+1 = fk(xk, uk), ∀k = 0, . . . , N − 1, (1b)

x0 = 0x (1c)

Fig. 3. Factor graph describing the full cable robot kinematics, dynamics, initial state, and state/control objectives, together with the equivalent optimization
problem description (lower right). The kinematics and dynamics constraints, which are represented by square factors and make up (1b): xk+1 = fk(xk, uk),
are defined according to standard cable robot literature. For example, the orange cable tension factor encodes the constraint W t = F where W is the
wrench matrix computed from the pose T . Example references are given in the legend. T denotes the pose of the end effector; V denotes the twist of the
end effector; V̇ denotes the twist acceleration of the end effector; li, l̇i, l̈i, ti denote the length, velocity, acceleration, and tension of cable i respectively;
τi denotes the torque commanded for motor i; and Fi denotes the wrench applied to the end effector by cable i. Time indices are omitted for notational
clarity. Together, T,V make up the state x and the torques τ0, . . . , τ3 make up the control u.

2) Variable Elimination: We first give a brief introduction
to the variable elimination algorithm, then show how it can
be applied to extract LQR gains from our linearized graph.

The variable elimination algorithm is nothing more than
an algorithmic method of solving for a variable and substitut-
ing the solution expression back into the system of equations.
Although GTSAM handles elimination for us, we can briefly
summarize its underlying computation for linear problems as
performing the block QR factorization on a subsystem:

[
M11 M12 b1
M21 M22 b2

] [
y
z

]
= Q

[
R11 S12 d1

0 Az d2

] [
y
z

]

where M, b describes a linear least squares problem, y are
the variables we seek to eliminate, z are the remaining
variables (formally, z is the separator: set of variables not
in y that share a factor with any of the variables in y), and
Q,R, S,A, d are results of the factorization. The top row
encodes the solution y = R−1

11 (d1−S12z) and the bottom row
encodes the remaining system after substituting the solution
for y back in: Azz = d2. In other words, factorization is
equivalent to solving for a variable and substituting it back
into the original system. A comprehensive description of
the variable elimination algorithm can be found in [35] for
interested readers.

From the linearized graph, we first apply variable elim-
ination to eliminate all variables except δx, δu, meaning
we eliminate y = {δl, δl̇, δl̈, δt, δF , δV̇} but leave z =
{δT, δV, δτ} (for every timestep). Reiterating, this is equiv-
alent to solving for y first and substituting back into (2).
After eliminating y, the resulting graph/system for z will
have the form of Fig. 4 which can be equivalently described
by the linear least squares problem (2). Also note that
the computer has performed all the algebraic manipulation
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𝛿𝑥% = 0

…

𝛿𝑢!

δu
∗
(δx) = arg min

δu
x̃
T
NQN x̃N +

N−1∑
k=0

x̃
T
kQkx̃k + ũ

T
kRkũk (2a)

s.t. δxk+1 = Aδxk + Bδuk, ∀k = 0, . . . , N − 1,
(2b)

δx0 = 0 (2c)

Fig. 4. After linearizing Fig. 3 and applying variable elimination to
eliminate all the variables that are neither state nor control, we obtain
this LQR graph (almost identical to Fig. 1), which can be equivalently
represented as (2). Green and navy blue factors represent state and control
costs respectively, red-outlined-black factors represent dynamics constraints,
and the purple factor represents the initial state constraint.

for us. Introducing e.g. additional parameters, periodicity
constraint factors, and state-dependent control limits are all
possible with minimal designer effort.

Finally, we can also use variable elimination to derive the
well known result of linear-quadratic control [41] that the
solution δu∗(δx) can be expressed as the linear control law:

δu∗k(xk) = Kkδxk. (3)

Notice that, since x∗, u∗ satisfy (1), they are also guaranteed
to satisfy (2). Thus when δxk = 0, δu∗k(0) = 0 so the affine
term is zero.

To obtain the LQR gains, Kk, from the linear graph in
Fig. 4, we eliminate the states and controls one at a time in
the order δxN , δuN−1, δxN−1, . . . , δu0, δx0. It was proved



Value Function

𝛿𝑥! 𝛿𝑥"𝛿𝑥# 𝛿𝑥$

𝛿𝑢! 𝛿𝑢"𝛿𝑢#

𝛿𝑥' = 𝐴𝛿𝑥( + 𝐵𝛿𝑢(

𝛿𝑢(∗ = 𝐾(𝛿𝑥(

Value Function

Fig. 5. Variable elimination is used to compute the optimal time-varying
feedback control law starting at the final timestep and eliminating back to
the beginning. This diagram depicts eliminating two variables: δx3, δu3.
The blue factor is the cost that gets propogated upon “substituting” the
optimal value back into the system, which makes up the value function.

in [33], [34] that this variable elimination process produces
the finite horizon discrete LQR solution. As a brief intuition
for the proof, this elimination follows the standard logic
(backward induction on the Bellman equation) for deriving
the finite horizon discrete algebraic ricatti equation: given the
value function for xk+1, solve for the uk which minimizes
the value function then substitute u∗k back into the value
function to obtain the new value function for xk. Fig. 5
visually illustrates the elimination process.

C. Estimation

We can express our estimation problem by converting the
factor graph in Fig. 3 to replace controls factors by estimation
factors, followed by linearization and marginalization.

1) Estimation Factor Graph: To convert from the optimal
control factor graph to the estimation factor graph, we make
the following factor replacements:

x̃TkQkx̃k
(state cost)

−→ ‖hk(xk)− zk‖2zΣ−1
k

(stochastic measurement)

xk+1 = f(xk, uk)
(dyn. constr.)

−→ ‖xk+1 − f(xk, uk)‖2dΣ−1
k

(modelling uncertainty)

ũTkRkũk
(control cost)

−→ ‖uk − u∗k‖
2
dΣ′−1

k

(input disturbance)

where ‖�‖Σ−1 := �TΣ−1� denotes the Mahalanobis norm;
zk := [lk, l̇k] denotes the measurement vector at timestep
k; u∗k and uk denote the commanded and realized control
torques vectors respectievly; h(xk) denotes the inverse kine-
matics to compute the cable length given the state; and
zΣ, dΣ, dΣ′ denote the measurement, dynamics, and input
covariances respectively.

The factor graph now represents the system:

xk+1 = f(xk, uk + v′k) + vk, v′k ∼ N (0, dΣ′k) (4)

vk ∼ N (0, dΣk) (5)
zk = h(xk) + wk wk ∼ N (0, zΣk) (6)

2) Linearization: Next, we linearize and eliminate the
intermediate variables the same way as in Section II-B to
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x̂ = arg min
δx

‖δx0‖2Σ0
+

N−1∑
k=0

‖Hkδxk − zk‖2zΣ−1

+‖δu− δu∗‖2dΣ′

+‖δxk+1 − (Akδxk + Bkδuk)‖2
dΣ
−1
k

(7a)

δxk+1 = Akδxk + Bk(δuk + v
′
k) + vk,

v
′
k ∼ N (0,

d
Σ
′
k)

vk ∼ N (0,
d
Σk)

(8a)

δzk = Hkδxk + wk wk ∼ N (0,
z
Σk) (8b)

Fig. 6. Nonlinear estimation factor graph (top) and the linearized estimation
problem expressed as a minimization problem (middle) and system (bottom).
After linearizing, we introduce the variables δzk := z − z∗ and z∗ :=

h(x∗k), and Hk := ∂hk
∂xk

∣∣∣
x∗
k

.

obtain the factor graph shown in Fig. 6 which is equivalent
to the system (8) in Fig. 6.

After linearizing, v′k can be combined with vk by applying
the transformation:

δxk+1 = Akδxk +Bk(δuk + v′k) (9)
= Akδxk +Bkδuk +Bkv

′
k (10)

where v′k ∼ N (0, dΣ′) so vk ∼ N (0, (BTk
dΣ′−1Bk)−1)

and dΣk = (BTk
dΣ′−1Bk)−1. This is useful because most

disturbances in our CDPR setup come in the form of parasitic
torques/tensions in the cable as opposed to external wrenches
acting directly on the end effector. Meanwhile, removing v′k
simplifies the factor graph and the notation.

3) Marginalization to Extract Kalman Gains: We now
seek a Kalman Filter to estimate x̂k = E[δxk]. Specifically,
we would like to pre-compute the Kalman Gains for this
filter to avoid needing to compute them online. Although,
to the best of our knowledge, factor graphs cannot directly
extract the Kalman Gains the way we were able to extract
the LQR gains, they can nevertheless get us most of the way
and provide intuition for the final expression.

First, we can use marginalization to compute all the a
priori and a posteriori covariances. In these cases, marginal-
ization can be computed by simply eliminating every vari-
able other than the one we seek the marginal of. Fig. 7
and 8 show how variable elimination is used to compute
the new covariances after predicting and updating respec-
tively. This computation is handled by GTSAM offline and
Σ1|0,Σ1, . . . ,ΣN |N−1,ΣN are the only results we need for
the next step.

We now obtain expressions to compute x̂ given the co-
variance matrices we just computed. The equation to predict
x̂k|k−1 is straightforward since all noises are zero-mean:

x̂k|k−1 = Akx̂k−1 +Bkδuk−1. (11)
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The equation to update x̂k is less obvious, but more
intuitive by observing Fig. 8: the optimal estimate for δxk in
Fig. 8 is the one which makes the best compromise between∥∥δxk − x̂k|k−1

∥∥2

Σ−1
k|k−1

and ‖Hkδxk − δzk‖2zΣ−1
k

. We expect
the optimal choice of δxk to be a weighted mean of the two
factors, and indeed with a bit of algebra it can be proven
that it is:

‖δxk − x̂k‖2Σ−1
k

=
∥∥δxk − x̂k|k−1

∥∥2

Σ−1
k|k−1

+ ‖Hkδxk − δzk‖2zΣ−1
k

δxTk Σ−1
k x̂k = δxTk Σ−1

k|k−1x̂k|k−1 + δxTkH
T
k
zΣ−1

k δzk

Σ−1
k x̂k = Σ−1

k|k−1x̂k|k−1 +HT
k
zΣ−1

k δzk

x̂k = Σk

(
Σ−1
k|k−1x̂k|k−1 +HT

k
zΣ−1

k δzk

)
(12)

Finally, the predict and update steps can be combined to
form a single state estimator update equation:

x̂k = xKkx̂k−1 + uKkδuk−1 + zKkδzk (13)

where xKk := ΣkΣ
−1/2
k|k−1Ak,

uKk := ΣkΣ
−1/2
k|k−1Bk, and

zKk := ΣkH
T
k
zΣ
−1/2
k are pre-computed offline.

D. Combined Optimal Feedback Controller

Finally, we can use the standard LQG result: the stochastic
optimal control policy is to feed the optimal estimator into
the optimal controller, for systems with only state- and
control- independent noise. From (13), we obtain an optimal
estimate x̂k for δxk so LQG states that we may use x̂k in
place of δx in (3):

δuk = Kkx̂k (14)
x̂k = xKkx̂k−1 + uKkδuk−1 + zKkδzk (15)

Making the assumption that our controller always follows
the optimal controller, we can also substitute (14) into (15):

x̂k = xK ′kx̂k−1 + zKkδzk (16)

where xK ′k := xKk + uKkKk.

Fig. 9. Image of the CDPR (from [4]) we use for experimental results.

And finally, for completeness, we can substitute our δ
expressions to obtain our final time varying LQG controller:

x̂k = xK ′kx̂k−1 + zKkzk + kk (17)
uk = Kkx̂k + u∗k (18)

where kk := − zKkz
∗
k .

The only computations that need to be run online are
(17) and (18), which require only 3 matrix multiplications
and 3 vector additions per update. Meanwhile, Kk :=
Kk,

xKk,
zKk,

uKk, u
∗, kk are pre-computed offline.

1) Interpolation: It may be desirable to run the controller
at a faster rate than the set of precomputed K, since K may
be only slowly changing while we typically want a controller
update rate of at least several hundred Hz. We can devise a
simple “zero-th” order interpolation:

x̂(k dt+ ∆t) = xK ′kx̂k−1 + zKkz(k dt+ ∆t) + kk (19)

Although we found in our experiments that this interpola-
tion is sufficient, more intelligent interpolation schemes may
be investigated.

III. EXPERIMENTS

We validate our approach experimentally by evaluating the
trajectory tracking performance of our controller compared
to a baseline controller implementation. We use the planar
SE(2), 4-cable redundantly actuated robot shown in Fig. 9.
Our offline stage is discretized at 100Hz and the online
controller runs at 1kHz (for both ours and the baseline). We
will give a brief description of the baseline controller then
compare the tracking accuracies using a sample trajectory.

A. Baseline Controller

We model our baseline controller on the dual-space feed-
forward controller in [13] as a standard controller used
and demonstrated to be successful in tracking control of
(redundantly actuated) CDPR. As compared to SMC-based
and MPC-based controllers, PID-based controllers appear to
be more widely used in redundantly actuated cable robots,
of which [13] appears to be state of the art.

The baseline controller applies a PID controller in the
joint-space, converts the correction to the operational-space
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Fig. 10. Baseline controller, adapted from [13].

TABLE I
GEOMETRIC, INERTIAL, AND FRICTION PARAMETERS

Frame
Mounting

Location (m)

0 (2.815, 0.000)
1 (2.845, 2.239)
2 (0.033, 2.225)
3 (0.000, 0.000)

End Effector
Mounting

Location (m)

0 (+0.063,−0.060)
1 (+0.063,+0.060)
2 (−0.063,+0.060)
3 (−0.063,−0.060)

End effector Inertia G diag

 7.79 kg·mm2

0.727 kg
0.727 kg


Winch inertia 19.6 kg·mm2

Viscous friction Fv 0.002 N·m·s
Static friction Fs 0.12 N·m

tanh parameter µ 0.19 s/rad

to add inertial feedforward terms, applies a tension distribu-
tion algorithm to convert back into joint torques, and finally
adds friction feedforward terms to generate the commanded
torque. The controller is summarized in Fig. 10.

For the tension distribution algorithm, we apply some
minor modifications since we have n + 1 cables (4-cables
for a 3DoF planar robot) whereas the tension distribution
algorithm given in [13] is for n + 2 cables. The n + 1
cable case is significantly easier to solve than the n + 2
cable case, and it suffices to exhaustively check each of
the 8 control limits (4 upper-bound, 4 lower-bound) to
find the 1-dimensional polytope (line segment) of feasible
configurations. We then use [13, IV.A]: 2-Norm Optimal
Solution. We were unable to successfully control the robot
with the given objective ‖u‖22, but based on [39], using
‖u− umid‖22 instead produced good performance.

B. Robot and Controller Parameters

The robot and controller parameters are given in Tables I
and II, respectively. Details on the measurement, calibration,
and tuning of values are provided in the Appendix.

C. Tracking Accuracy

To compare the tracking performances of the two con-
trollers on a real robot, we use a trajectory composed of con-

TABLE II
LQG AND BASELINE CONTROLLER PARAMETERS

(a) LQG Parameters

Σ0 diag([5.7° 0.1 m 0.1 m 0 0 0])
zΣ diag([(0.0018 m)x4 (0.04 m/s)x4])
dΣ′ (0.059 N·m)I4x4
Q diag([102 104 104 0 0 0])
R I6x6

(b) Baseline Controller Gains

Kp 3× 103 N/m
Ki 5× 103 N/m·s
Kd 1× 101 N·s/m
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Fig. 11. Tracking accuracy comparison between baseline (bottom left) and
our proposed controller (bottom right) for a test trajectory (top).

TABLE III
TRACKING ACCURACIES NEAR WORKSPACE CENTER

(ROOT MEAN SQUARE DEVIATION FROM dx)

Dimension Baseline LQG

θ (deg) 0.9 0.8
x (mm) 12.4 10.3
y (mm) 12.8 5.4

θ̇ (deg /s) 15.2 26.1
ẋ (mm/s) 44.3 36.1
ẏ (mm/s) 44.3 33.4

centric diamonds in the center 1.5×1m area of the workspace
with a maximum speed and acceleration of 0.5m/s and 1m/s2

respectively. We use an 8-camera OptiTrack motion capture
system (0.4 mm accuracy) to measure the ground-truth end
effector poses and assess the tracking accuracy.

Fig. 11 and Table III compare the results of our controller
against the baseline controller. Note that, due to the robot
geometry defined by the application in [4], orientation has
limited control authority. The baseline and LQG controllers
exhibit similar magnitudes of vibration around 9.9Hz and
13.1Hz, respectively, but neither is qualitatively perceptible.

IV. DISCUSSION

The results in Section III demonstrate that our TV-LQG
controller can perform favorably compared to the baseline
state of the art PID-based controller.

Furthermore, we claim that, subjectively, the parameter
tuning experience is much easier for our TV-LQG controller
since most parameters (noise parameters) are measured and
the LQR gain matrices Q and R are more intuitive and
forgiving that tuning gain matrices directly – indeed, LQR



is often referred to as a technique for tuning gains [18],
[27]. It can be shown that TV-LQG varies the gain matrices
to maintain fixed pole/zero locations (for each linearized
system, and for fixed Q,R) across the state space, though a
full discussion is omitted for space reasons.

Because our approach relies heavily on offline computa-
tion, convergence and stability can be performed prior to
execution. Before any trajectory is run, the trajectory and
controller can be checked numerically for feasibility and
stability using optimality conditions and standard Lyapunov
functions for LTV systems, respectively. Failure to satisfy
feasibility or stability conditions is an early indication that
the desired trajectory or Q/R matrices must be modified to
be realizable.

Additionally, we believe that our proposed TV-LQG con-
troller is easier to implement since the embedded controller
code consists of only 3 matrix multiplications and 3 vector
additions per update. The rest of the computation is in a
high-level programming language without time constraints.

Finally, the modularity afforded by the factor graph frame-
work, which is highly general, allows designers to add a wide
variety of additional constraints, sensors, and control objec-
tives with minimal modification. Adding general constraints
is described in [34], adding sensors is a common usage of
GTSAM for sensor fusion, and adding additional control
objectives such as signed distance field obstacles factors have
been demonstrated in [42], [43].

V. CONCLUSIONS AND FUTURE WORK

In this work, we demonstrated how factor graphs can be
used as a powerful tool to compute the optimal trajectory
given quadratic state and cost objectives, compute the time
varying LQR gains, and compute the time varying Kalman
Filter Gains for optimal control of a redundantly actuated
CDPR. We also showed how the time varying Kalman Filter
and LQR are combined into an online TV-LQG controller.
Finally, we successfully demonstrated our controller on a 4-
cable planar CDPR and showed that it performs better across
various regions in the workspace as compared to a baseline
state-of-the-art dual-space feedforward controller. Qualita-
tively, we believe that the factor graph approach is easier
to understand and implement, and that our optimal control
formulation is easier to tune than the baseline controller.

Future works include spatial SE(3) CDPR control; pa-
rameter bias drift modeling; online parameter estimation
and replanning using Bayes Trees for incremental solving
(estimation using smoothing instead of filtering, and model
predictive control respectively); additional sensor and control
modes (e.g. tension feedback); and additional non-ideality
modeling such as cable stretch and sag.

APPENDIX
PARAMETER CALIBRATION AND TUNING

The geometric, inertial, and friction parameters of the
robot are listed in Table I. The geometry of the cable
mounting points on both the fixed frame and movable end
effector were directly measured, while the winch radiuses

were estimated by a calibration procedure (described later).
The translational inertia was measured directly with a scale
and the rotational inertia estimated using a CAD model.
The friction parameters were estimated by measuring winch
no-load acceleration-velocity curves. Friction due to pulleys
was assumed to be negligible compared to motor and winch
frictions. Both controllers use the Fs tanh

(
µl̇
)

model for
static friction and we choose µ =0.19 s/rad so that the
static friction is modeled to reach 0.9Fs by roughly 0.1 m/s
(tanh(0.19 s/rad · 7.87 rad/s) ≈ 0.9).

Calibration of winch radiuses is done by regressing the
inverse kinematic solution against the logged motor encoder
values. This is done by recording the end effector pose
and motor angles for an example trajectory. Then, inverse
kinematics is used to compute the ground truth length of the
cable as the distance between the cable mounting location on
the winch and the pulley location. Finally, a linear regression
is used to estimate winch radius and fine-tune the zero-
position of the motor.

To tune the parameters for our LQG controller, we mea-
sured or estimated the covariances zΣ, dΣ,Σ0 and gave an
intuitive guess for the LQR Q and R weighting matrices.
We measured zΣ and dΣ by comparing the cable lengths,
cable velocities, and end effector accelerations/motor torques
between ground-truth and calibrated sensor measurements,
so that the covariances are representative of the “noise”
expected during runtime. We assigned Σ0 to be 0.1m as
the initial placement error. We assigned R = I6x6 and
Q = diag([102 104 104 0 0 0]) which, intuitively, scales 1Nm
of torque to be comparable to 0.57° and 0.1 mm (10−2 rad,
10−4 m) of rotation and translation error respectively while
ignoring velocity tracking error.

To tune the gains Kp,Ki,Kd for our baseline dual-
space feedforward controller, we applied manual methods.
We increased Kp to a reasonable value without oscillations
or shaking, then increased Kd until oscillations occurred,
increased Ki until oscillations occurred, and finally fine-
tuned the three. Although we attempted using well-known
strategies such as Ziegler-Nichols or halving the ultimate
gain, we found that those gains were unusable.
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